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Analysis of hyperfine structure of Rare-Earth
Ions in Single Crystals by Electron

Paramagnetic Resonance Spectroscopy

Olivier Guillot-Noël, Philippe Goldner, and Yann Le Du

Laboratoire de Chimie de la Matière Condensée de Paris (LCMCP),

Paris, France

Abstract: Electron paramagnetic spectroscopy of rare-earth ions in single crystals is an

interesting tool to analyze the hyperfine structure of the ground state of the rare-earth.

This can be useful for coherent spectroscopy and quantum information applications

where the hyperfine structure of the electronic levels is used. Moreover, in some

cases, the electron paramagnetic resonance hyperfine structure of interacting rare-

earth ions allows us to retrieve the isotropic exchange interaction between the two

interacting ions. We illustrate these points with the hyperfine structure of Yb3þ ions

in vanadate crystals, the hyperfine structure of Er3þ ions in Y2SiO5, and the

hyperfine structure of Yb3þ pairs in CsCdBr3.

Keywords: Electron paramagnetic resonance, hyperfine structure, pair interaction,

rare-earth ions

INTRODUCTION

Electron paramagnetic spectroscopy of rare-earth ions in single crystals is

an interesting spectroscopy to analyze the hyperfine structure of the ground

state of the rare-earth. Rare-earth hyperfine structure is useful in coherent
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spectroscopy[1] and related quantum information applications. As the

hyperfine splittings (few hundred megahertz) even at low temperature are

usually smaller than the optical inhomogeneous linewidth (few gigahertz),

they can only be determined by hole burning spectroscopy, but only where

the hole lifetime is long enough. Very often, if the rare-earth ion has high

values of nuclear spins, the hole burning spectra are difficult to analyze and

the hyperfine structure remains unknown.

Moreover, optical spectra of rare-earth (RE) ions in crystals often exhibit

extra features that are difficult to analyze precisely. For example, extra

transitions can be due to interacting ions that can have important effects on

luminescent properties.

Electron paramagnetic resonance (EPR) spectroscopy of Kramers’ ions can

be very useful in solving these problems; that is, the hyperfine structure analysis

and rare earth-rare earth interactions. Although usually limited to the ground-state

crystal field level, this technique has two main advantages over its optical counter-

part. First, the inhomogeneous linewidth of the Zeeman transitions in RE ions is

approximately three orders of magnitude smaller than those observed in the

optical domain. This allows one to observe very clearly splittings due to the

hyperfine structure. Moreover, by rotating a single crystal in the magnetic field,

precise information on the site symmetry (including ground-state irreducible rep-

resentation) and also on the orientation and distance between interacting ions can

be easily retrieved. EPR spectroscopy is also very convenient to determine

hyperfine structures in complicated cases where g̃, Ã matrices are not coaxial

or in the case of magnetically inequivalent RE sites.

The aim of this paper is to show how with the use of EPR spectroscopy,

we can determine the hyperfine structure of the ground state of Kramers’ ions.

We prove this with results obtained by our group: i) the hyperfine structure of

Yb3þ ions in vanadate crystals,[2] and of Er3þ ions in Y2SiO5; ii) the hyperfine

structure of Yb3þ in CsCdBr3 to probe ion–ion interactions.[3,4]

HYPERFINE STRUCTURE OF GROUND-STATE

KRAMERS’ IONS

Free Kramers’ ions have a 4f n configuration with odd value of n with a 2Sþ1LJ
ground state with J half-integer. S, L, J are the spin, orbital and total momenta,

respectively. For example, free Yb3þ ion has a 4f13 configuration with a 2F7/2

ground state; free Er3þ ion has a 4f11 configuration with a 4I15/2 ground state.

In a crystal field of low symmetry, the 2Sþ1LJ manifold splits into (2Jþ 1)/2

Kramer’s doublets with jMJj ¼ J, J2 1,. . .,1/2, MJ being the z-component of

J. Only the lowest doublet is populated at liquid helium temperature, therefore

the Kramers’ ions from an EPR point of view can be described by a fictitious

spin S ¼ 1/2. Very often, Kramers’ ions have isotopes with zero and non-zero

nuclear spins I. In this case, the EPR spectrum is expected to be composed of a

central line due to isotopes with zero nuclear spins and a hyperfine pattern
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composed of at least 2Iþ 1 lines for each different isotope with non-zero nuclear

spins and relative intensities proportional to their natural abundances.

EPR measurements were performed with a X-band Bruker Elexsys E 500

spectrometer (Bruker Biospin, Karlsruhe) equipped with an Oxford Instru-

ment (UK) variable temperature device. The crystals were mounted on a

small Perspex sample holder to allow their orientation with respect to the

magnetic field. Angular variations were obtained by rotating the crystal by

steps of 10 degrees.

Ytterbium has five even isotopes, 168Yb, 170Yb, 172Yb, 174Yb, and 176Yb,

with nuclear spins I ¼ 0 and a total natural abundance of 69.58%, and two odd

isotopes, 171Yb with nuclear spin I ¼ 1/2 (natural abundance 14.3%) and
173Yb with nuclear spin I ¼ 5/2 (natural abundance 16.12%). The EPR

spectrum of Yb3þ ions is expected to be composed of an intense central

line due to even isotopes and a hyperfine pattern composed of two sets of 2

and 6 lines for the two odd isotopes. Figure 1 shows the experimental and

simulated EPR spectra at 6.5 K of 1% Yb-doped LuVO4 single crystals

with the magnetic field parallel to the c axis.[2] LuVO4 crystallizes in the

zircon type structure and belongs to the tetragonal I41/amd space group.

Yb3þ ions substitute eightfold coordinated Y3þ ions, forming [YO8] bisdi-

sphenoids with D2d point site symmetry. The angular variations of the Yb3þ

EPR signal reflect the axial symmetry of the ytterbium site, which can be

described by the following spin-Hamiltonian:

H ¼ g==beBzSz þ g?beðBxSx þ BySyÞ þ A==IzSz þ A?ðIxSx þ IySyÞ; ð1Þ

with S ¼ 1/2 and I ¼ 0, 1/2 or 5/2. be is the electronic Bohr magneton. No

quadrupole interaction is included because we do not see any effect of this

interaction in our EPR spectra. The spin-Hamiltonian g-factor components,

Figure 1. Experimental and simulated EPR spectra at 6.5 K of ions in LuVO4:1%

Yb3þ single crystals with the magnetic field parallel to the c axis. The stars indicate

lines that can be due to forbidden transitions.
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g// and g?, are determined by fitting the experimental angular variations of the

central line. The principal axes of the g-factor are found to be parallel to the

crystallographic axes and the principal g-values are jgx,y ¼ g?j ¼ 0.59(7) and

jgz ¼ g//j ¼ 6.464(9). The hyperfine interaction exhibits the same axial

symmetry with the principal A// component parallel to the c axis. The

hyperfine structure is clearly seen when the magnetic field is parallel to the c

axis. However, when the magnetic field rotates from the c axis to the

direction of the (001) plane, the lines broaden and the hyperfine pattern is

not seen anymore. It is only possible to determine the A// component by

fitting the experimental spectrum with the magnetic field parallel to the c

axis by using Eq. (1). We obtain jA//
171

j ¼5100 and jA//
173

j ¼ 1390 MHz. As

we can neglect the J-mixing between the 2F7/2 ground manifold and the
2F5/2 excited multiplet, we have the following relationship between the

spin-Hamiltonian parameters:[5]

g==

g?
¼

A==

A?

: ð2Þ

From Eq. (2), we deduce the perpendicular component of the hyperfine tensor:

jA/?
171

j ¼ 465 and jA?
173

j ¼ 127 MHz.

The previous study is simple because the point site symmetry of the rare-

earth is axial in LuVO4, which implies that the principal axes of the g-factor

and of the hyperfine interaction are coincident. Moreover, the quadrupole

interaction can be neglected by the determination of the hyperfine parameters

from the position of the allowed hyperfine transitions.

A more complex hyperfine energy level structure is found when the point

site symmetry is very low; as in the case of Er3þ ions in Y2SiO5 single crystals

Figure 2. Experimental and simulated EPR spectra at 8 K of Er3þ ions in site 1

in Y2SiO5 single crystals with the magnetic field parallel to the D2 axis. The star

indicates a line that is due to site 2. The sample is doped with 0.005% of Er3þ

ions.
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(Fig. 2). Erbium has five even isotopes, 162Er, 164Er, 166Er, 168Er, and 170Er,

with nuclear spins I ¼ 0 and a total natural abundance of 77.05%, and one

odd isotope, 167Er, with nuclear spin I ¼ 7/2 (natural abundance 22.95%).

The EPR spectrum of Er3þ ions is expected to be composed of an intense

central line due to even isotopes and a hyperfine pattern composed of 8

lines for the odd isotope. Y2SiO5 has a monoclinic structure with C2/c

space group. Er3þ ions lie on two crystallographic sites with low symmetry

C1 with seven and six oxygen neighbors. In the following analysis, we are

only interested in site 1 characterized in Ref. 6 by the 1536.48-nm vacuum

wavelength for the lowest 4I15/2 to 4I13/2 transitions. Very low site symmetries

will induce a strong mixing between the different MI projections of the nuclear

spin I, and allowed and forbidden hyperfine transitions will appear in the EPR

spectrum (Fig. 2). The following spin-Hamiltonian describes the EPR spectra

for the 167Er isotope:

H ¼ beS � ~g � Bþ S � ~A � I þ I � ~Q � I � bngnI � B; ð3Þ

where bn is the nuclear Bohr magneton, gn is the nuclear g-factor, g̃ is the

g-factor matrix, and Ã and Q̃ are the hyperfine and quadrupole matrices,

respectively. Q̃ is a traceless matrix. In a site of C1 symmetry, the principal

axes of each interaction are not coincident. The determination of g̃, Ã, and

Q̃ matrices with respect to a reference axis set is obtained from the angular

variations of the experimental EPR spectra in three orthogonal crystal

planes. In this work, the three reference axes are the optical extinction axes

D1, D2, and b defined in Ref. 6. The following matrices representing the g̃,

Ã, and Q̃ interactions in the (D1, D2, b) axis system can be generated:

~g ¼

gD1D1 gD1D2 gD1b

gD1D2 gD2D2 gD2b

gD1b gD2b gbb

2
64

3
75

ðD1D2bÞ

ð4Þ

~A ¼

AD1D1 AD1D2 AD1b

AD1D2 AD2D2 AD2b

AD1b AD2b Abb

2
64

3
75

ðD1D2bÞ

ð5Þ

~Q ¼

QD1D1 QD1D2 QD1b

QD1D2 QD2D2 QD2b

QD1b QD2b �ðQD1D1 þ QD2D2Þ

2
64

3
75

ðD1D2bÞ

ð6Þ

In the general case, g̃ and Ã are asymmetric, however such an effect could not be

seen in our spectra. In this reference axis set, we thus have to determine 17 spin-

Hamiltonian parameters. The 6 g-factor matrix elements are obtained from the

angular study of the central EPR line of the even isotopes. The other 11 parameters

are obtained from angular variations of the allowed and forbidden hyperfine tran-

sitions. The angular variations were obtained by rotating the crystals by steps of 10
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degrees around reference axes with a 1 degree estimated accuracy for crystal

orientation. Figure 2 shows the experimental and simulated EPR spectra at 8 K

of an 0.005% Er3þ-doped Y2SiO5 single crystal with the magnetic field parallel

to the D2 axis. The EPR spectrum corresponds with Er3þ ions in site 1. The star

indicates a line that is due to site 2. The spectrum is composed of eight allowed

hyperfine transitions. Between each allowed transition, pairs of forbidden tran-

sitions are observed. Those transitions are due to second-order effects of the

hyperfine interaction and to the quadrupole interaction. The splitting between

each pair of forbidden transitions is only due to the quadrupole interaction. As

the intensities of the forbidden lines are of the same order of magnitude as the

allowed transitions, the quadrupole interaction cannot be treated as a perturbation

of the hyperfine interaction. The nuclear Zeeman interaction [last term of Eq. (3)]

does not influence the position of the allowed and forbidden transitions but it does

influence their intensities. To determine the 11 spin-Hamiltonian parameters, we

perform a complete diagonalization of the Hamiltonian of Eq. (3). The

calculated positions are compared with the experimental ones and the different

parameters are determined by minimizing the RMSnorm parameter defined by:

RMSnorm ¼
1

N � 11

XN
i¼1

B
exp
i � Bcalc

i

erri

� �" #1=2

; ð7Þ

where Bi
exp and Bi

calc are the experimental and calculated magnetic field

positions. To get a quantitative measure of the goodness of fit, errors (erri)

have to be taken into account. For each experimental position, the errors are

determined by assuming a 1 degree accuracy for crystal orientations. The sum

runs from 1 to N where N is the number of experimental data points. For the

hyperfine and quadrupole interactions, 1109 experimental positions are used

to optimize the 11 parameters. The subscript “norm” emphasizes the use of nor-

malized experimental data (i.e., by taking explicitly into account their errors).

Fitting normalized data is necessary to ensure that positions measured with the

same accuracy have the same weight in the fit. A RMSnorm ¼ 0.93 is obtained

giving the following matrices for the different interactions:

~g ¼

2:92 �3:08 �3:68

�3:08 8:19 5:96

�3:68 5:96 5:52

2
64

3
75

ðD1D2bÞ

ð8Þ

~A ¼

69:35 �580:73 �248:83

�580:73 696:30 682:49

�248:83 682:49 495:54

2
64

3
75

ðD1D2bÞ

ð9Þ

~Q ¼

21:40 �8:18 �15:27

�8:18 3:79 0:60

�15:27 0:60 �25:20

2
64

3
75

ðD1D2bÞ

; ð10Þ
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with Ã and Q̃ given in MHz. Some matrix elements of the quadrupole interaction

are of the same order of magnitude as the hyperfine interaction. This confirms

that a perturbative treatment of the spin-Hamiltonian was not appropriate in

this case.

To test the validity of these parameters, we can calculate the EPR

spectrum of Er3þ ions for a very general orientation of the static magnetic

field and compare this calculated spectrum to the experimental one.

Figure 2 gathers the experimental and the calculated spectrum for the

magnetic field parallel to the D2 axis. There is a good agreement between

these two spectra. The positions and intensities of the different allowed and

forbidden lines are well reconstructed.

This last case demonstrates that even in very low symmetry site, EPR

spectroscopy allows one to retrieve precisely all the magnetic parameters of

the hyperfine structure of the ground state. The hyperfine structure can then

be calculated for an arbitrary orientation and intensity of the magnetic field

and in particular at zero field. This is the case usually encountered in

optical spectroscopy. Having determined the ground-state hyperfine splitting

by EPR, hole burning spectroscopy can then be used to retrieve the excited-

state hyperfine structure.

HYPERFINE STRUCTURE OF INTERACTING

RARE-EARTH IONS

Research on materials doped with rare-earth ion pairs and clusters is of funda-

mental interest for several applications like intrinsic optical bistability.[7] In

the field of quantum information and quantum computing, a scheme for gen-

erating interacting quantum bits in rare-earth-ion–doped crystals has been

proposed in Ref. 8. Coupling between rare-earth ions is necessary to

perform controlled logic. Two important interactions can be measured from

an EPR spectrum of pairs: the dipole–dipole magnetic interaction and the

isotropic exchange interaction.[4] From the dipole–dipole interaction, the

rare-earth pair orientation in the host can be determined and the interionic

distances between the two ions can be calculated. Two cases have to be con-

sidered: i) pairs of similar ions characterized by the same ground state g value

and ii) pairs of dissimilar ions characterized by different ground state g values

where the ions in the pair can be different or identical with slightly different

crystal fields. In the case of identical ions with the same g values, the EPR

spectrum of isotopes with no nuclear spin consists of a doublet of lines

separated by the magnetic dipole–dipole interaction. The isotropic

exchange interaction cannot be measured by EPR in this case. However, if

the interacting rare-earth ions have isotopes with nuclear spins, the

hyperfine structure allows us to retrieve the isotropic exchange interaction.[3]

The Yb:CsCdBr3 host corresponds with the case of identical ions with a very
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small isotropic exchange interaction. A well-known feature of CsCdBr3 is that

rare-earth ions such as Yb3þ, even at low doping concentration, enter nearly

exclusively as charge compensated ion–pair centers in the Cd2þ lattice

position. The main rare-earth center is a symmetric in-chain Yb3þ–VCd–

Yb3þ pair complex, where VCd means Cd2þ vacancy, oriented along the c

axis. The EPR signal of ytterbium ions in CsCdBr3 is shown in Figure 3 for

the external magnetic field parallel to the pair axis (c axis). The complexity

of the spectra is due to the fact that Yb3þ ions has one even isotope of

natural abundance 69% and two odd isotopes which are responsible for the

hyperfine structure. All the spectral features can be accurately described by

assigning the resonance lines to the symmetric pairs of identical ions of the

type evenYb–VCd–evenYb, 171Yb–VCd–evenYb, and 173Yb–VCd–evenYb.

The spin-Hamiltonian for a pair of identical interacting ions 1 and 2 can

be written as:

Hpair ¼ H1 þ H2 þ Hint: ð11Þ

As isolated ytterbium ions substitute Cd2þ ions in an axial site of C3v

symmetry, H1 and H2 are of the form of Eq. (1). The interaction term Hint is

Hint ¼ �2JS1 � S2 þ
b2

R3
�2g2

== S1z S2z þ
g2
?

2
ðS1þ S2� þ S1� S2þÞ

� �
: ð12Þ

The first and the second terms in Eq. (12) are the isotropic exchange and ani-

sotropic magnetic dipolar contribution, respectively. J is the isotropic

exchange interaction, R is the rare earth–rare earth distance, and S1 and S2

are the effective spins of the lowest ground-state Kramers’ doublet of the

two ions. When there is no nuclear spin (I ¼ 0) and the external magnetic

Figure 3. Experimental EPR spectrum of CsCdBr3:1.3% Yb3þ at 7 K with the exter-

nal magnetic field parallel to the crystallographic c axis. The stick diagram represents

the calculated spectrum.
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field is parallel to the pair axis (z axis), the eigenvalues and eigenvectors for

Hpair are

E1 ¼ �g==bB�
J

2
� D1 jw1l ¼ jMS1 ¼ �1=2;MS2 ¼ �1=2l

E2 ¼
3J

2
þ D2 jw2l ¼

1ffiffiffi
2

p ðj1=2;�1=2l� j � 1=2;þ1=2lÞ

E3 ¼ �
J

2
þ D3 jw3l ¼

1ffiffiffi
2

p ðj1=2;�1=2lþ j � 1=2;þ1=2lÞ

E4 ¼ g==bB�
J

2
� D1 jw4l ¼ j1=2; 1=2l; ð13Þ

with

D1 ¼
b2

2R3
g2
==;D2 ¼

b2

2R3
g2
== � g2

?

� �
;D3 ¼

b2

2R3
g2
== þ g2

?

� �
:

The isotropic exchange interaction term splits the fourfold degenerate pair

ground state fjw1l, jw2l, jw3l, jw4lg into a singlet jw2l at energy 3J/2 and

into a triplet fjw1l, jw3l, jw4lg at energy 2J/2. The dipolar interaction and

the Zeeman term shift the singlet state jw2l by þD2 and split the triplet

state into three singlet states jw1l at energy 2g//bB2 J/2 2 D1, jw3l at

energy 2J/2 þ D3, and jw4l at energy g//bB2 J/2 2 D1. In standard EPR

experiments, the external oscillating magnetic field that induces the transitions

is linearly polarized perpendicular to the static magnetic field, along the x axis

for example. The transition probability Pif between two states jil and jfl is pro-

portional to the square of the matrix element kfjg?Sxjil, which gives

Pif /

0 0 1 0

0 0 0 0

1 0 0 1

0 0 1 0

0
BB@

1
CCA ð14Þ

written in the order fjw1l, jw2l, jw3l, jw4lg. BecauseHpair does not mix states of the

triplet with the state of the singlet, EPR transitions [Eq. (14)] are only allowed

within the triplet states between jw1l and jw3l and between jw3l and jw4l. The

isotropic exchange interaction J cannot be measured, and the EPR pair

spectrum is only composed of two lines that are symmetrically placed around

g//bB at energies g//bB+D with D ¼ D1 þD3. These two transitions are

indicated in Figure 3 for the evenYb–VCd–evenYb pair center. Figure 4 shows

the observed angular variations of the two transitions due to the evenYb–

VCd–evenYb pair center. The two transitions cross over at an angle of 53.68

degrees very close to the value of 54.44 degrees corresponding with a pure

point dipole–dipole interaction between the two electronic spins. This provides

confirmation that we can use a pure dipole–dipole expression for D1, D2, and D3.

The situation is different when one ion (ion 1 for example) has a nuclear

spin I = 0 (pairs of the type 171Yb–VCd–evenYb and 173Yb–VCd–evenYb). If
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MI is the projection of the nuclear spin I of ion 1, the following basis set has to

be considered

�
1

2
;�

1

2
;MI

���� l; �
1

2
;
1

2
;MI

���� l; 1

2
;�

1

2
;MI

���� l; 1

2
;
1

2
;MI

���� l; . . .
( )

with 2I � MI � I. The basis is composed of 4(2Iþ 1) vectors. When we take

into account the hyperfine interaction on spin 1, Hpair becomes

Hpair ¼ H1 þ H2 þ Hint þ A==S1zIz þ
A?

2
S1þI1� þ S1�I1þð Þ: ð15Þ

The last part of the hyperfine interaction A?/2(S1þI12þ S12I1þ), for a given MI

value, mixes the state j21/2,21/2, MIl with the state j1/2,21/2, MI2 1l, the

state j21/2, 1/2, MIl with the state j1/2, 21/2, MI2 1l, the state j1/2, 21/2,

MIl with the state j2 1/2, 1/2, MIþ 1l, and the state j1/2, 1/2, MIl with the

state j21/2, 1/2, MIþ 1l. All these off-diagonal terms induce mixing

between the electronic part of the wavefunctions and in particular between

the electronic singlet and electronic triplet. EPR transitions thus become

allowed between all these levels, and the isotropic exchange interaction can

be then measured. We expect 4(2Iþ 1) allowed transitions when one

ytterbium isotope of a pair has a nuclear magnetic moment. Thus for the
171Yb–VCd–evenYb pairs, there are eight transitions, whereas for the 173Yb–

VCd–evenYb pairs, there are 24 allowed transitions. The analytical expressions

of the position of the resonance lines obtained by a perturbative treatment up to

second order as well as their intensity are given in Ref. 3. The spin-Hamiltonian

parameters of Eq. (15) are calculated and we find an exchange interaction

J ¼ 248 + 6 MHz. The g, A, and D parameters are given in Ref. 3. We

Figure 4. Experimental and calculated angular variations in the (ac) or (bc) crystal-

lographic plane of the two EPR pair transitions of the evenYb–VCd–evenYb pair center

in CsCdBr3.
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do not have to take into account pairs of the type 171Yb–VCd–171Yb, 171Yb–

VCd–173Yb, and 173Yb–VCd–173Yb, which are at low concentration

compared with 171Yb–VCd–evenYb, and 173Yb–VCd–evenYb pairs. The

position and intensities of the most important lines are depicted as a stick

diagram in Figure 3. In the case of 173Yb–VCd–evenYb pairs, eight very

weak resonance lines in the 252–284 mT field range, are not shown.

The agreement between the calculated and experimental lines is excellent

with a spread of 0.4% compared with the overall splittings.

CONCLUSIONS

In this paper, we have shown that EPR spectroscopy is an interesting spectroscopy

for the study of the hyperfine structure of rare-earth ground-state levels and

can thus be combined with hole burning spectroscopy for the complete

determination of the hyperfine structure of an optical transition. Moreover, the

study of EPR hyperfine structure often brings important information to the under-

standing of rare earth–rare earth interactions. Indeed, it can sometimes allow us to

retrieve the isotropic exchange interaction, which is not possible with EPR spectra

of pairs of identical rare-earth ions with no nuclear spin.
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